Introduction to Electric Circuit Chap 5 Phasor Method

Chap 5 Phasor Method
5.1 Fundamental concept of phasor method

«  Consider an 3"-order RLC circuir excited by v(t)=V cos(at)
(5.1-1) y"(t)+a,y"(t)+ay (t)+a,y(t) =bv"(t)+byv'(t)+b, (1)

where y(t) is the voltage or current of a component to be measured.

*  The characteristic equation is 2°+a,A*+aA+a, =0 with roots Re(4)<0,

1I=1,2,3, which implies the circuit is stable.

. Taking Laplace transform yields

2 2
s’+a,s’+as+a, S +a,s’+as+a,

B(s) ﬁ(s)

, P(s) is related to the initial conditions and ﬁ(s) is

Vs

2

where V(s)= 5 .
+w

the transfer function of the circuit.

. Hence,
(51-3)  y(t)=p(t)+h(t)*v(t)=y(t)=h(t)*v(t), ast—> o

where p(«)=0 because Re(4)<0,i=1,2,3.

e That means y(t)|Hw can be solved by

Vs bs’+bs+h Vs
s+’ s*+ast+as+a, P+’

(5.1-4)  y(s)=h(s)

As+Bw
s? + w?

0,S° +Q,S+0, _ As+Bo

= =q(s)+
ss+as’+as+a, S +o’ ()

which leads to y(t)=q(t)+ Acosawt+Bsinat . Similarly, Re(4)<0,i=1,23,

results in ¢(«)=0 and

(5.1-5) y(t)=Acoswt+Bsinat =Y cos(awt+6), as t—ow
where Y =VA?+B? and #=-tan"(B/A).
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5.2

From (5.1-4), it can be obtained that
(51-6)  G(s)(s’+o’)+(As+Bw)=Vs-h(s)

A

Let s=jo,then s’+w”=0 and (As+Bw)=Vs-h(s),i.e,

(5.1-7)  (jAw+Bw)= Vo-h(jo)

where ﬁ(jw)z‘ﬁ(ja)‘ej‘ﬁ““’), sz‘ﬁ(ja))‘ and 0= /h(jw), then

(5.1-8) y(t)=V

h(jo)|cos(et+n(jo))

To sum up, if the input of an RLC circuitis v(t)=V cos(wt), then the output is
y(t):V‘ﬁ(ja))‘cos(a)uzﬁ(ja))) which can be solved by using the Laplace

tranform and setting s= jw.

Phasor of sinusoidal signals

Asignal v(t) with asingle frequency w is expressed as

(5.2-1) v(t)=V cos(awt+6)

where V is the magnitude and @is the phase of the signal.

Using the Euler formula e =cos@+ jsin@ can obtain

(5.2-2)  v(t)=Vcos(wt+6)=Re (Vej(“’”g)) =Re(Ve%e ) =Re(Ve!)
where

(5.2-3) V =Ve’ =V.£0=Vcosd+ jVsind

and V' =Ve’ is called the phasor of v(t)=V cos(at+6).

Example: If v(t)=2sin(4t—30°), determine its phasor.

Example: Determine the sinusoidal signal v(t) with frequency =3 and phasor

V =5.60°.
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5.3 Components in Phasor Method

*  \Doltage source v, (t)=V,cos(wt+6,)
Since v, (t)=V, cos(a)t+¢93)=Re(Vsej‘)sej“"), the voltage source in phasor
method is
(5.3-1)  V.=Ve*=Vv. 6,
*  Currentsource i (t)=1,cos(wt+86,)
Since i (t)=1,cos(amt+06,)=Re(l,e"e*), the current source in phasor

method is

(63-2) I, =1e"=1106

@ ®
Vel 2 6 =l 6

+  Resistor with component equation Vi (t)=R-ig(t)

If vR(t)=VRcoswt=Re(VRe"OOe"“’t), then iR(t):IRcoswtzRe(IRe"ouej“’t)

where |, = \% Their phasors are

(5.3-3) V.=Vl =v.20° and 7, :\%e‘”’ =1,20°.

The impedance and admittance (or complex resistance and conductance) of a

resistor are respectively defined as

V. Vi 1
5-3.4 Z.,=—R =R (Q) and Y,=—F== (S
634  Zo=7P=R (@ PR O
ir Iz
—_— —_—

+
Rgu 72y

I Ve
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dve (1

Capacitor with component equation i (t)=C ”

If v (t)=V,cosat= Re(vcejouej‘”‘) , then

ic (t) =—@CV, sin at = #CV, cos(wt +90°)
=1 cos( et +90° ) = Re(lce19°°ej‘”t)
Their phasors are
(5-35) V. =V.e!” =V,£0° and /.=awCV.e!™ =1.,90°.
The impedance and admittance of a capacitor are respectively defined as

V_C_V—c:il(_goo)zi @)

(5-3.6) Lo=—= -
I,  @CV.£90° «C JoC

(5-37) Y, —lc_wCo90°= juC  (9)

’c

Compared to the voltage, the current phasor is leading 90° in phase.

‘| R

- + |
[ O— Ve —— —

— — ] Cl)(: VC

v

di, (t)
dt

Inductor with component equation v, (t)=L
If i (t)=1_coset= Re(ILejooej“’t), then

v, (t)=-oLl _sinat =Ll cos(at+90°)
=V, cos(wt+90°) = Re(VLe19°°ej”") '
Their phasors are
(53-8) /=1 =120 and V, =wlLl e’ =V, _2£90°.
The impedance and admittance of an inductor are respectively as

(5-39) Z = % - a)LI:—AQO —wl/90°= joL  (Q)
L L

5-4



Introduction to Electric Circuit Chap 5 Phasor Method

(5-3.10) YLzﬂzl—L:ig(_goo):_L S)
V. oLl £90° oL jolL

Compared to the current, the voltage phasor is leading 90° in phase.
Vi
i I,

| o
+ +

L%w M%]wL

v ]L
5.4 Circuit Analysis
. Equivalent impedance
Rl R2 Zl
A © AN Ao—  F— A O—
- I
1
joC
B o Bo— | B o—

The impedancesare 2, =R,, Zx, =R,, ZC:% and 2| = jolL .
J

Since R; and C are in parallel and R, and L are in series, we have

-1 -1
(5.4-1) Z, = i+i = i+ja)C :_R—l
L 2o R

(5.4-2) Z,=Zy+Z, =R, + jolL

Both Z; and 7 are in series and result in the equivalent impedance

(5.4-3) Z:Zl+ZZ:_R—l+R2+ja)L
1+ joR,C

. Example: Z =?

5Q. 0.25F
A.O AMA i i
4 ——— §3H § 60
2H
’—' 1Q
B.o AN
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*  Example: v,(t)=?

vsu -|-‘J +¢

*  Example: v,(t)=?

R,. Rs.
AW ANV
i +.
RZ% Voo ¢> LJ%
- O.SVZJ
*  Example: i(t)="
3Q.
| I— |
15./30°V. 1020°A.

1-2Q,

O wealll U@

| S
—
:\

5.5 Complex power

. Consider a payload with impedance .Z connected to a source circuit,

where v(t)=Vcoswt and i(t)=1cos(wt—8).

i

—»
N V = VL0
Source ’ 7 0 J >
Circuit B
71 =1/(-0)

The phasors of v(t)=Vcoset and i(t)=1cos(wt—6) are ¥ =V.£0° and

I = IA(— 9). The phase of the current is lagging the voltage by 6.
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The instantaneous power at t absorbed by the payload is

(5.5-1) p(t)=v(t)i(t)=VIcoswtcos(wt—0)
1 1
= EVI cos @ + EVI cos (2wt - 6)

= %VI cos#(1+cos 2cot)+%VI sin @ sin 2wt

| S — —_

P Q

= 2P cos® wt + Q sin 2wt

. The average of power in one period T is

1 _ 2P 2 Q¢ ..
(5.5-2) P, _?L p(t) dt _?J'T cos’ wt dt+?J.T sin2et dt
=T/2 =0
~2P T p_Lvicoss
T 2

Since only P is absorbed in one period, we call P the real power. On the other
hand, Q is reserved in the circuit and called the reactive power.

. The root-mean-square(rms) values or effective values of v(t):V coswt and

i(t)=1cos(wt—0) are calculated as

/l 2 V2 2 V2T V
?J.TV (t)dt:\/?J‘TCOS ot dt:\/?g :E

- 1, |2 ) 127 1
(5.5-4) | = ?J.TI (t)dt:\/?J'Tcos (ot —0) dt:\/?-azﬁ

*  The phasorsof v(t)=Vcoswt and i(t)=1cos(awt—6) are defined as

(55-3) V

~ VvV Vv ~
(5.5-5) V=—=—2/0°=VL0°
2. 2
(656) T=—=t /(—9)=T2(-0)
V2 2
. The complex power is defined as
. (VAR
5.5-7 S=VI"=V1/£0=——e"
(5.5-7) 7272

= %VI CoSO+ | %VI sind=P+ jQ=S26 (VA: volt-ampere)
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where S =] =V I ==VI (VA)is called the apparent power. Hence,

N |-

(5.5-8) P=%VI cose=Re(V i*)=Re(§)=ScosH (W)

(5.5-9) (Q=%VI§n0=Im(VAf)=lm(5)=8§n0 (VAR)

jY 4

Iy
|

Y =

. Let Z =R+ jX where R is the resistance and X is the reactance.
Since V = 17, we have

(5.5-10) Z=%=

Therefore, the complex power can be described as

122,£0=5.0

55-11) S=Vi*=Il"Z=1 . 3 .
( ) {I%R+jxyd2R+ﬂ2X:P+jQ

where

(5.5-12) S:Pzzéﬁz (VA)

(5.5-13) P:PR:%lm (W)
1

(5.5-14) Q:TZX:EVX (VAR)

5.6 Conservation of energy

. The conservation of energy implies the total power in a circuit is zero, i.e.,

(5.6-1) p<t>=§pk<t>=gvk(t>ik(t>=o
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5.7

Since the power of the k™ component is
(5.6-2) p, (t)=2P, cos® wt + Q, sin2at, k=1,2,---,n

it can be obtained that

(563 Y p(t)

(2R, cos® wt +Q, sin 2at)

k=1

= 2(; ijcos2 ot +(;ijsin 2wt =0

which leadsto » P, =0 and > Q, =0.
k=1 k=1

Thus, the total complex power satisfies

(56-4)  S=>5=>P+j>Q =0
k=1 k=1 k=1
In other words, the conservation of energy also implies the total complex power

is equal to zero.

The maximum power transfer theorem

Source ~
Circuit Zr !
~ +
v 7z

i Vr i

Assume V. =V./0°, Z. =R, + jX; and Z =R+ jX,then

671 V-—2 7 ad T-—01
Zi+Z Zi+Z
The complex power of payload is
(572 VI'= z A%
(Z:+2)(Z;+27)

(R +R)’ +(X; + X’
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The real power transferred to the payload is
RV,
(Ry +R)’ +(X; + X’

(5.7-3)  P=Re(VI')=

. The maximum real power can be obtained when 2—2 =0 and 2—5 =0,i.e,

Gray P TROHEX) gy _x,
X ((Re+RY +(X; + X))
2 _p2 z

615 P _RRAXGAX) oo pog,

R ((Re+R) +(X + X))
which results in 2 =R, — jX; = Z7, called the matching impeadance.

. When Z =77, the source circuit generates the real power

(5.7-6) P =Re(V;7")=Re| 1, N U
Zo+Z 2R,

and the payload absorbs the maximum real power

S |
(5.7-7) Py =Re(Vi')=—I-=°R
4R, 2

That means the maximum real power can be transferred to the payload is only

half of the real power generated by the source circuit.

. Consider a special case that the payload is a real resistance, i.e., Z =R.
Then, the real power transferred to the payload is
R NE

(5.7-8) P=Re(V]*)=(RT+R)2+XTZ :

The maximum real power can be obtained when 2—2 =0, i.e.,

2 2 2
(5.7-9) P _ RT+XT2_R V2 =0=>R=4/R?+ X2
R ((Re+RY+X3)

. When R =./R?+ X7, the source circuit generates the real power
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5 = (VY V2
57-10) P =Re(V,7")=Re|] T -Re| ——T——
( ) R (% ) L T(ZTJFRN (R+RT—jXT]

~ VP(R+R)  VA(R+R)  VZ(R+R) V7
C(R+R ) +X? RP42RR +RI+X; 2R*+2RR. 2R

and the payload absorbs the maximum real power

(5.7-11) P, =Re(Vi’)= Re(vv J: 44
R
RV, V' V7 R

= = P,
(Z; +R)(Z;+R) 2(R+R;) R+R '

Hence, the maximum real power can be transferred to the payload is
.

times of the real power generated by the source circuit.
. Example:
Assume the voltage source is 173 =110£0° V.

(A) Determine the maximum real power P transferredto 2 =R+ jX .

(B) Determine the maximum real power P transferredto 2 =R.

50 j12Q
— WA

7

© sag e ]2

5.8 Power factor correction

. The electric power transmitted from VS to the inductive payload 2 =R+ jX
with X >0, and assume r is a small resistance of the transmission line.

r ., 7
— W ———

o
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e If V,=V.£0° then the current is

V. |4

S S

(5.8-1) 7 = :
r+2 r+R+jX

and the complex power transferred to the payload is

682 S _ e _REXVVE (R XV
’ (r+R)+X? (r+R)"+X?

RV? DA
- 2 2 +) 2 2
(r+R) +X (r+R) +X
P Q

=S5,£60=S,c0s6+ ]S, sin@
. Define the power factor of 2 as

(5.8-3) pf =c059:£: R

S, JRT+X?
In other words, the power factor is the ratio of real power to the apparent power.

That implies the power factor will be incresead if the reactance X is reduced.

. The power dissipated by the resistance r is

\~\~* ~2
(584) Pori-— s __ W
(r+R)" +X* (r+R) +X?

which implies P, will be decreased if the reactance X is reduced.

. Power factor correction of inductive payload can be achieved by connecting a

capacitor parallel to the payload, depicted as below:

r 7
— MW

© ) T

Since Y =2"= R+1jx = RZEXZ —j szxz , the new payload is
(5.8-5) Y . =Y]|| joC= R -] X + jaC
e R*+X? "R*+X?
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If C=L,then Ym:%,i.e.,
a)(R2+X2) R? + X

X2
(58'6) Znew = R+?

Hence, the power dissipated by the resistance r is obtained as

i -
(5.87) P =rii"= vV — = A2 —
(r+R+Xj (r+R+j
R
rv? rv?
B 2 r X4 < R) + X2
(r+R) +2(1+FJXZ+R2 (r+R)" +

It is clear that the power P, is indeed reduced after power factor correction.
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